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Introduction
Tilting in module categories, viewed as a generalization of the Morita theory, is traditionally re-
stricted to ﬁnitely presented tilting modules (see [23], [4, Chap. VI], etc.). Starting with [12] and [2],
tilting theory for arbitrary modules over arbitrary rings has been developed over the past two decades,
concentrating primarily on connections between tilting and approximation theory of modules.
The recent contributions to the theory, [5] and [8], show that also the derived category aspects of
classical tilting extend to the inﬁnitely generated setting. Namely, given a good n-tilting module T , the
derived category D(R) is equivalent to a localization of the derived category D(S) where S = End T .
In particular, there is an inﬁnite dimensional analogue of the main result of [23], providing for an
n-tuple of category equivalences between certain subcategories of Mod-R and Mod-S .
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tilting modules are trivial (i.e., projective), so the classical tilting theory reduces to the Morita theory.
There is a grain of ﬁniteness even in the inﬁnite setting: each tilting module T is of ﬁnite type,
that is, there is a set of ﬁnitely presented modules S such that the tilting class induced by T equals
S⊥∞ , [9]. This enables classiﬁcation of tilting modules and classes over Dedekind domains [6], and is
essential in extending this classiﬁcation in various directions: to Prüfer domains [24], almost perfect
domains [1], and Gorenstein rings of Krull dimension one [25].
However, commutative noetherian rings of Krull dimension  2 are known to be ﬁnlen-wild [21].
In particular, there is no hope to classify their ﬁnitely presented modules, and one needs new methods
to approach inﬁnitely generated tilting modules in this setting.
Divisibility and classical localization provide important tools for this purpose, but it is the notion
of an associated prime that is essential for the two-dimensional case. Indeed, for regular local rings
of Krull dimension 2, we show that non-trivial tilting classes T are characterized by the sets Ass⊥R T .
We use this fact to classify all tilting modules and classes in that case.
Our main result (Theorem 4.2) then gives a parametrization of all tilting classes over regular rings
of Krull dimension 2. In Section 5, we also classify all tilting modules up to equivalence in the local
case.
1. Tilting and divisibility
For a ring R , we denote by Mod-R the category of all (unitary right R-) modules. Further, mod-R
denotes the class of all modules possessing a projective resolution consisting of ﬁnitely generated
projective modules. So mod-R is just the class of all ﬁnitely generated (ﬁnitely presented) modules in
case R is right noetherian (right coherent).
For each n < ω, we denote by Pn (In) the class of all modules of projective (injective) dimension
at most n. For a module M , Ωn(M) is the nth syzygy in a projective resolution of M (if M ∈ mod-R ,
we will consider only projective resolutions of M consisting of ﬁnitely generated modules, hence also
Ωn(M) ∈ mod-R).
For a module T , Sum T denotes the class of all (possibly inﬁnite) direct sums of copies of the
module T , and Add T the class of all direct summands of modules in Sum T . Further, add T denotes
the class of all direct summands of ﬁnite direct sums of copies of T .
Let C be a class of modules. A module M is C-ﬁltered provided there exists a chain of submodules
of M , M = (Mα | α  σ), such that Mα ⊆ Mα+1 and Mα+1/Mα is isomorphic to an element of C for
each α < σ , M0 = 0, Mσ = M , and Mα =⋃β<α Mβ for each limit ordinal α  σ . The chain M is
called a C-ﬁltration of M .
We also recall some notation for commutative noetherian rings R: Spec(R) (mSpec(R)) denotes
the spectrum (maximal spectrum) of R . The set of all prime ideals of height n is denoted by Pn , and
Kdim R stands for the Krull dimension of R . For M ∈ Mod-R , AssR M denotes the set of all associated
primes of M . If C ⊆ Mod-R , then AssR C =⋃M∈C AssR M . For R local, we let m denote the unique
maximal ideal of R , and k = R/m the residue ﬁeld of R .
The ring R is Gorenstein provided that each localization Rm at a maximal ideal m satisﬁes
inj.dimRm Rm < ∞; then inj.dimRm Rm = Kdim Rm . If R has ﬁnite Krull dimension then Kdim R =
inj.dimR R .
Further, R is regular if each localization Rm at a maximal ideal m satisﬁes Kdim Rm = dimk m/m2.
We will freely use the classic fact that a local ring R has ﬁnite global dimension iff it is regular. In
this case R is a UFD, its global dimension equals Kdim R , and each prime ideal of R of height 1 is
principal, see e.g. [13, §19] or [22, §20].
1.1. Tilting modules and classes
We recall the notion of an (inﬁnitely generated) tilting module from [19, §5]:
Deﬁnition 1.1. Let R be a ring. A module T is tilting provided that
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(T2) ExtiR(T , T
(κ)) = 0 for all 1 i < ω and all cardinals κ .
(T3) There are an integer r  0 and a long exact sequence 0 → R → T0 → ·· · → Tr → 0 where Ti ∈
Add T for all i  r.
If n < ω and T is a tilting module of projective dimension at most n, then T is called an n-tilting
module. The class T⊥∞ = {M ∈ Mod-R | ExtiR(T ,M) = 0 for each i  1} is the tilting class induced by T .
If T and T ′ are tilting modules, then T is said to be equivalent to T ′ provided that the induced
tilting classes coincide, that is, T⊥∞ = (T ′)⊥∞ , or equivalently, T ′ ∈ Add T .
A tilting module T is good provided that all the modules Ti (i  r) in condition (T3) can be taken
in add T .
If T is a tilting module, then T ′ =⊕ir T i is a good tilting module equivalent to T . However,
inﬁnitely generated tilting modules present a more serious challenge, their structure being unrelated
to that of the ﬁnitely generated ones. This is best seen in the commutative setting, where all ﬁnitely
generated tilting modules are trivial, so the classical tilting theory reduces to the Morita theory. We
start with a short proof of this fact (see [11] for the case of n = 1):
Lemma 1.2. Let R be a commutative ring and T be a ﬁnitely generated module.
(i) Assume T ∈mod-R and 1 n = proj.dimR T < ∞. Then ExtnR(T , T ) 	= 0.
(ii) If T is tilting then T is projective.
Proof. (i) Since all syzygies of T are ﬁnitely generated, we have proj.dimR T =
maxm∈mSpec(R) proj.dimRm Mm . Take m ∈mSpec(R) such that proj.dimRm Tm = n. Since Tm ∈mod-Rm
and (ExtnR(T , T ))m
∼= ExtnRm(Tm, Tm) by [15, 3.2.5], we may assume that R is local. Let F be
the minimal free resolution of T . Since F is given by an iteration of projective covers, we have
dn(Fn) ⊆ mFn−1 for each n > 0 where dn is the differential. As the functor ExtnR(T ,−) is right
exact, the epimorphism T → T /mT induces a surjection ExtnR(T , T ) → ExtnR(T , T /mT ). However,
ExtnR(T , T /mT )
∼= HomR(Fn, T /mT ) 	= 0.
(ii) Assume T is tilting. It suﬃces to prove that T ∈ mod-R; then part (i), and conditions (T1) and
(T2) of Deﬁnition 1.1 yield projectivity of T .
By [19, 5.5.20], T is equivalent to a tilting module T ′ which is S-ﬁltered, where S =
⊥(T⊥∞ ) ∩ mod-R . Then T ∈ Add(T ′), that is, T is a direct summand in (T ′)(κ) for a cardinal κ .
Since M = (T ′)(κ) is also S-ﬁltered, an application of the Hill Lemma [19, 4.2.6] yields existence of a
ﬁnitely S-ﬁltered module N ⊆ M such that T is a direct summand in N . Clearly, N ∈ mod-R , hence
T ∈mod-R as well. 
Remark 1.3. The argument in (ii) that a tilting module T satisﬁes T ∈ mod-R , if and only if T is
ﬁnitely generated, clearly works for any (not necessarily commutative) ring R .
However, already in the commutative non-noetherian setting, the stronger assumption of T ∈
mod-R rather than T ﬁnitely generated is needed in part (i) of Lemma 1.2, as shown by the following
example.
Example 1.4. Let R be a commutative von Neumann regular hereditary ring which is not artinian (for
example, for a ﬁeld K , let R be the ring of all eventually constant sequences (ki)i<ω from Kω). Since
R is not artinian, there is a simple module T which is not ﬁnitely presented (i.e., not projective). Then
proj.dimR T = 1, and Ext1R(T , T (κ)) = 0 for all cardinals κ ; in fact, T (κ) is injective, see [18, 6.18].
1.2. Divisible modules
We will consider tilting modules over particular kinds of commutative noetherian rings, so in view
of Lemma 1.2, our interest will naturally be in inﬁnitely generated modules. For commutative rings,
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modules:
Deﬁnition 1.5. Let R be a ring. A module M is called divisible if Mr = M for each non-zero-divisor
r ∈ R . The class of all divisible modules is denoted by D. Note that M is divisible iff Ext1R(R/rR,M) = 0
for each non-zero-divisor r ∈ R .
Also the more general classes of relatively divisible modules introduced by Fuchs are relevant here:
Deﬁnition 1.6. Let R be a domain and S a multiplicative subset of R . Let δS = F/G , where F is
the free module with the basis given by all sequences (s0, . . . , sn) where n  0 with si ∈ S for all
i  n and the empty sequence w = ( ); the submodule G is generated by the elements of the form
(s0, . . . , sn)sn − (s0, . . . , sn−1), where 0 < n and si ∈ S for all i  n, and of the form (s)s − w , where
s ∈ S .
In fact, δS is a 1-tilting module inducing the 1-tilting class DS of all S-divisible modules, that is,
the modules M with Ms = M , or equivalently, Ext1R(R/sR,M) = 0, for all s ∈ S , see e.g. [19, 2.1.2].
Clearly, I0 ⊆ D ⊆ DS .
The divisible module δ = δR\{0} was discovered by Fuchs, while Facchini [16] proved that δ is a
1-tilting module in the sense of Deﬁnition 1.1. The general case of δS studied here comes from [17];
hence we will call δS the Fuchs tilting module.
Clearly, homomorphic images, direct sums, and direct products of S-divisible modules are S-
divisible. While the structure of divisible modules over noetherian domains is unknown in general,
the injective modules are described by the classic result of Matlis: they are (uniquely) direct sums of
copies of the injective envelopes E(R/p) of the indecomposable cyclic modules R/p for p ∈ Spec(R).
Moreover, for each p ∈ Spec(R) we have E(R/p) =⋃n<ω Lp,n where Lp,0 = 0, and Lp,n+1 = {x ∈
E(R/p) | x · p ∈ Lp,n} for each n < ω. So each x ∈ E(R/p) is annihilated by a power of p, while multi-
plication by any element x ∈ R \ p is an automorphism of E(R/p).
If m ∈ mSpec(R) then (Lm,n | n < ω) is just the socle-sequence of E(R/m). In this case Lm,1 is
simple, Lm,n+1/Lm,n is of ﬁnite length for all 1 n < ω, so E(R/m) is countably generated.
Lemma 1.7. Let R be a noetherian UFD, p ∈ Spec(R) a prime ideal of height 1, and D a divisible submodule of
E(R/p) containing Lp,1 . Then D = E(R/p).
Proof. By induction on n, we prove that Lp,n ⊆ D . The case of n = 1 is our assumption. Let x ∈
Lp,n+1 \ Lp,n and Lp,n ⊆ D . Then there is r ∈ p such that rR = p and x · r ∈ Lp,n . Since D is divisible,
x · r = d · r for some d ∈ D , whence (x− d) · r = 0, x− d ∈ Lp,1 ⊆ D , and x ∈ D . 
Lemma 1.8. Let R be a noetherian UFD, and M be a module.
Then M is divisible, if and only if Ext1R(R/p,M) = 0 for each prime ideal of height 1.
A divisible module M is injective, if and only if Ext1R(R/p,M) = 0 for each prime ideal of height > 1.
Proof. Since R is a noetherian UFD, each prime ideal p of height one is principal, see [22, Theo-
rem 20.1]; say p = (rp). Every non-zero r ∈ R is up to a unit, a product of rp ’s, so Mr = M for all
r is equivalent to Mrp = M for all rp . Now the exact sequence 0 → R rp→ R → R/p → 0 induces
Ext1R(R/p,M)  M/Mrp .
The ﬁnal claim follows from the well-known version of the Baer lemma for commutative noethe-
rian rings which says that a module M is injective, if and only if Ext1R(R/p,M) = 0 for each
p ∈ Spec(R). 
Example 1.9. Let R be an n-dimensional regular local ring with the quotient ﬁeld Q . Then D = I0 for
n = 1, but Q /R ∈ D \ I0 for n 2.
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ible submodules: we have Q /R  E(Q /R) = ⊕p∈P1 E(R/p). Let p ∈ P1, so p = rpR for a prime
element rp ∈ R . Denote by Q p the localization of R at the multiplicative set {rkp | k < ω}. Then
0 	= Q /R ∩ E(R/p) = Q p/R . Since Q /R  E(Q /R), there is a p ∈ P1 such that Q p/R is a proper
divisible submodule of E(R/p). In particular, Lp,1  Q /R ∩ E(R/p) by Lemma 1.7.
1.3. Cotorsion pairs
Each tilting module induces a tilting class, and hence a tilting cotorsion pair in the sense of the
following deﬁnition.
Let R be a ring and C a class of modules and 1 i < ω. Let
C⊥i =
⋂
1i<ω
KerExtiR(C,−) =
{
M ∈Mod-R ∣∣ ExtiR(C,M) = 0 for all C ∈ C
}
,
⊥iC =
⋂
1i<ω
KerExtiR(−,C) =
{
M ∈Mod-R ∣∣ ExtiR(M,C) = 0 for all C ∈ C
}
.
We also deﬁne C⊥∞ =⋂1i<ω C⊥i and ⊥∞C =
⋂
1i<ω
⊥iC .
We will use the following shorthand notation: instead of C⊥1 and ⊥1C , we will write C⊥ and ⊥C ,
respectively; also, if C = {C} then we will write C⊥ and ⊥C instead of {C}⊥ and ⊥{C}, respectively,
and similarly for ⊥i and ⊥∞ .
Deﬁnition 1.10. Let R be a ring. A pair of classes of modules (A,B) is a cotorsion pair provided that
A = ⊥B and B = A⊥ .
The cotorsion pair (A,B) is hereditary in case A = ⊥∞B and B = A⊥∞ , that is, ExtiR(A, B) = 0 for
all i  2, A ∈ A and B ∈ B.
Example 1.11. Let R be a ring, and T be a tilting module inducing the tilting class T = T⊥∞ . Then
(⊥T ,T ) is a hereditary cotorsion pair, called the n-tilting cotorsion pair induced by T .
A more concrete example comes from a recent result of Bazzoni and Herbera [7, Corollary 8.2]: If
R is a domain, then the tilting cotorsion pair induced by the Fuchs tilting module δ is (P1,D).
Lemma 1.12. Let R be a ring and (A,B) a cotorsion pair and S is a set of modules containing R.
(i) Let M be an A-ﬁltered module. Then M ∈ A.
(ii) Assume B = S⊥ . Then A coincides with the class of all direct summands of S-ﬁltered modules.
(iii) Assume R is commutative and noetherian, and B = S⊥∞ . Then AssR A = AssR S .
Proof. (i) follows by the Eklof Lemma [14, XII.1.5], (ii) by [19, 3.2.4], and (iii) by [25, Lemma 2.1]. 
Tilting classes and tilting cotorsion pairs can also be characterized in abstract terms (see e.g.
[19, §5]):
Lemma 1.13. Let R be a ring.
(i) Let T be a class of modules. Then T is an n-tilting class, if and only if there is a subset S ⊆ Pn ∩mod-R
such that T = S⊥∞ .
(ii) Let (A,B) be a cotorsion pair. Then (A,B) is an n-tilting cotorsion pair, if and only ifA ⊆ Pn, B is closed
under arbitrary direct sums, and (A,B) is hereditary.
D. Pospíšil, J. Trlifaj / Journal of Algebra 336 (2011) 184–199 189The class A ∩ B is called the kernel of the cotorsion pair (A,B). In the tilting case, the kernel
equals Add T , and we can recover both components of the cotorsion pair from its kernel via the
following lemma (see [19, §5.1]):
Lemma 1.14. Let R be a ring and (A,B) a tilting cotorsion pair induced by a tilting module T . Then
(i) Add T = A∩B.
(ii) A ⊆ Pn, and A coincides with the class of all modules M possessing a short exact sequence of the form
0→ M → T0 → ·· · Tn → 0 where n = proj.dimR T and T0, . . . , Tn ∈ Add T .
(iii) B coincides with the class of all modules N possessing an Add T -resolution (i.e., a long exact sequence of
the form · · · → Tn+1 → Tn → ·· · → T0 → N → 0 where Tn ∈ Add T for each n < ω).
1.4. The class LT
If T is any tilting module with the induced tilting cotorsion pair (A,B), then the class B is easily
recovered from Add T using ⊥∞ , because (Add T )⊥∞ = (T )⊥∞ = B. The description of the left orthog-
onal class LT def= ⊥∞(Add T ) = ⊥∞(Sum T ) is more complex in general. Of course, LT ⊇ A, and the two
classes coincide when restricted to modules of ﬁnite projective dimension:
Lemma 1.15.A = LT ∩P whereP denotes the class of all modules of ﬁnite projective dimension. In particular,
A = LT in case R has ﬁnite global dimension.
Proof. The inclusion A ⊆ LT ∩P is clear from Lemma 1.14.
Conversely, let M ∈ LT and assume proj.dimR M = d < ∞. Take B ∈ B. By Lemma 1.14, there is an
Add T -resolution of B
· · · → Tn+1 → Tn → ·· · → T0 → B → 0.
For each n 0, denote by fn the map Tn → Tn−1 (and T−1 = B). If d 1, then
Ext1R(M, B) ∼= Ext2R
(
M,Ker( f0)
)∼= · · · ∼= Extd+1R
(
M,Ker( fd−1)
)= 0,
hence M ∈ ⊥B = A. 
In particular, LT = A when R is a regular local ring. However, ALT already for Gorenstein local
domains that are not regular, as we will see shortly (for T = δ).
Let R be an Gorenstein ring of Krull dimension n. Then Pn = In , and there is a complete hereditary
cotorsion pair (GP,In). If R has inﬁnite global dimension, then Pn 	=Mod-R , and the class GP (called
the class of all Gorenstein projective modules) contains modules of inﬁnite projective dimension (cf.
[15, §10.2]).
For a domain R , let Lδ = ⊥∞(Add δ), and recall [7] that the tilting cotorsion pair induced by δ is
(P1,D). If R is Gorenstein, we have:
Lemma 1.16. Let R be a Gorenstein domain and M be a module.
Then M ∈ Lδ , if and only if there is a short exact sequence 0 → M → P → G → 0 where P ∈ P1 and
G ∈ GP .
In particular, if R is a Gorenstein local domain of Krull dimension one which is not regular, then the tilting
module δ is injective and P1 Lδ =Mod-R.
Proof. Let M ∈ Mod-R . The completeness of the cotorsion pair (GP,In) yields an exact sequence
0→ M → P → G → 0 with P ∈ In and G ∈ GP .
Since δ ∈ P1 ⊆ In , we have Lδ ⊇ GP .
190 D. Pospíšil, J. Trlifaj / Journal of Algebra 336 (2011) 184–199Now, if M ∈ Lδ then P ∈ In ∩ Lδ = P1 by Lemma 1.15. Conversely, if the middle term P ∈ P1
(⊆ Lδ), then also the left hand term M ∈ Lδ because Lδ is resolving.
If R is Gorenstein of Krull dimension one, then I1 = P1, so the ﬁnal claim follows from the ﬁrst
part and from the completeness of the cotorsion pair (GP,I1). 
Example 1.17. Let R be a Gorenstein local domain of Krull dimension one which is not regular
(for instance, R = kx2, x3, the ring of all power series over a ﬁeld k with no x term, that is, the
Herzog–Kunz semigroup ring with conductor 2, [13, 21.11, p. 553]). Then by [25, Lemma 1.2], up
to equivalence, there are only two tilting modules: R and Q ⊕ Q /R , and hence two tilting classes:
Mod-R , and D. So in this case, δ is equivalent to the injective module Q ⊕ Q /R .
2. Tilting classes in I1
In this section, we will characterize the tilting classes T over commutative noetherian rings R with
gl.dim R < ∞ such that T consist of modules of injective dimension  1. We start with a lemma that
indicates the role of AssR A in this setting:
Lemma 2.1. Let R be a commutative noetherian ring and M ∈ mod-R. Then there exists a chain 0 = M0 
M1  · · · Mn = M of submodules of M such that for each i = 0, . . . ,n− 1, the module Mi+1/Mi is isomor-
phic to a submodule of R/pi for some pi ∈ AssR M.
Proof. Take p ∈ Spec(R) such that p is ⊆-maximal in the set AssR M . Deﬁne M1 = {m ∈ M |m · p= 0}.
Then M1 is a non-zero submodule of M . Each prime ideal in AssR M1 has to contain p, so the maxi-
mality of p yields AssR M1 = {p}.
Consider M1 as an R/p-module. Suppose that there is 0 	= x ∈ M1 such that (r + p)x = 0 for some
0 	= (r + p) ∈ R/p. Then Ann(x)  p, so there is a prime ideal q  p such that q ∈ AssR M1, in con-
tradiction with the maximality of p. This proves that M1 is a torsion-free R/p-module. Since R/p
is a domain and M1 is a ﬁnitely generated R/p-module, M1 is isomorphic to a submodule of the
R/p-module (R/p)k0 for some integer k0 < ω [10, VII.2.5]; this is clearly also an R-isomorphism.
Assume M1  M (so in particular, p 	= 0). We will show that AssR M ⊇ AssR M/M1. Take an arbi-
trary q ∈ AssR M/M1 and distinguish two cases:
Case I: p  q. So there is x ∈ p such that x ∈ R \ q. It follows that (M1)q = 0. Applying − ⊗R Rq
to the short exact sequence M1 → M → M/M1 → 0 we get 0 → Mq → (M/M1)q → 0. So Mq 
(M/M1)q as Rq-modules. Since q ∈ AssR M/M1 we have qRq ∈ AssRq(M/M1)q = AssRq Mq , so q ∈
AssR M .
Case II: p ⊆ q. If p = q we are done. So assume that p  q. Take a non-zero element x ∈ M \ M1
such that q is the annihilator of x+ M1 in M/M1. Since x /∈ M1, there is 0 	= y ∈ p such that x · y 	= 0.
But then x · y is a non-zero element of M such that q · x · y ∈ (M1)y = 0. Thus q or a larger prime
ideal is in AssR M , in contradiction with the maximality of p.
Now, we can replace M by M/M1 and repeating the previous procedure to obtain M1  M2 ⊆ M
such that the R-module M2/M1 is isomorphic to a submodule of the R-module (R/p)k1 where p ∈
AssR M and k1 < ω. Since M is noetherian, the procedure stops, and yields a chain
0= M0  M1  · · · Mn = M (∗)
of submodules of M such that for each i = 0, . . . ,n − 1, the module Mi+1/Mi is isomorphic to a
submodule of (R/pi)ki for some pi ∈ AssR M and ki < ω.
Notice that if N ⊆ (R/p)k for some p ∈ AssR M and 0 < k < ω, then 0 ⊆ N ∩ R/p ⊆ N ∩ (R/p)2 ⊆
· · · ⊆ N ∩ (R/p)k = N is an S-ﬁltration of N where S is the set of all submodules of R/p. So the
chain (∗) can be reﬁned to one having consecutive factors isomorphic to submodules of R/p for
p ∈ AssR M . 
The next lemma gives ﬁrst consequences of the condition B ⊆ I1:
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(i) B ⊆ I1 , if and only if the class A is closed under submodules.
(ii) Assume that B is a tilting class and R is commutative and noetherian. Let X = AssR A and S =
{N ∈ mod-R | N ⊆ R/p for some p ∈ X}. Then the equivalent conditions from (i) imply that S⊥ = B and
A coincides with the class of all S-ﬁltered modules.
Proof. (i) If A is closed under submodules, B ∈ B, and M ∈ Mod-R , then Ext2R(M, B) ∼=
Ext1R(Ω
1(M), B). But Ω1(M) ∈ A by assumption, so Ext2R(M, B) = 0. Conversely, if B ∈ I1 then ⊥B
is closed under submodules and the assertion is clear.
(ii) Denote by F the class of all S-ﬁltered modules. Assume A is closed under submodules. Then
S ⊆ A, and hence F ⊆ A by Lemma 1.12(i). Since B is tilting, B = (A ∩mod-R)⊥ by Lemma 1.13(i).
However, each M ∈ A ∩mod-R is S-ﬁltered by Lemma 2.1, so S⊥ ⊆ A⊥ = B by Lemma 1.12(i). Then
A = ⊥(S⊥) consists of direct summands of S-ﬁltered modules by Lemma 1.12(ii). Since S is closed
under submodules, so is the class F , and we conclude that A = F . 
Now, we can prove a structure theorem:
Theorem 2.3. Let R be a regular ring of ﬁnite Krull dimension. Then the tilting classes T ⊆ I1 are classiﬁed by
the subsets P0 ⊆ X ⊆ Spec(R).
For each such subset X , a tilting class TX is deﬁned by
TX =
⋂
p∈X
(R/p)⊥ ∩ I1.
Conversely, each tilting class T ⊆ I1 is of the form T = TX for X = Ass⊥R T .
Moreover, ⊥TX coincides with the class of all SX -ﬁltered modules, where SX = {N ∈ mod-R | N ⊆
R/p for some p ∈ X}.
Proof. First, for each subset X ⊆ Spec(R),
TX =
⋂
p∈X
(R/p)⊥ ∩ I1 =
⋂
p∈X
(R/p)⊥∞ ∩
⋂
I⊆R
I⊥∞ .
This is a tilting class contained in I1 by Lemma 1.13(i).
Conversely, let T ⊆ I1 be a tilting class with the induced tilting cotorsion pair (A,T ). Let
X = AssR A. Then P0 ⊆ X because P0 = AssR R , and T = S⊥X by Lemma 2.2(ii). Since TX ⊆ I1,
Lemma 2.2(i) gives SX ⊆ ⊥TX , and T = TX because S⊥X ⊆ I1. As X = Ass⊥R TX , we have TX 	= TX ′
for X 	= X ′ .
The ﬁnal claim follows again from Lemma 2.2(ii). 
The next corollary gives a useful test for equality of tilting classes of the kind studied in this
section:
Corollary 2.4. Let R be a regular ring of ﬁnite Krull dimension, T , T ′ be tilting classes contained in I1 , and let
S,S ′ ⊆mod-R satisfy R ∈ S ∩ S ′ , T = S⊥∞ and T ′ = (S ′)⊥∞ .
Then T = T ′ , if and only if AssR S = AssR S ′ .
Proof. By Theorem 2.3, the class T is determined by the set Ass⊥R T , where the latter equals AssR S
by Lemma 1.12(iii); similarly for T ′ . 
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In this section, we concentrate on the case when R is a regular local ring of Krull dimension n
where 1 n < ω.
Recall that depth R = n, and R is a UFD. In particular, each p ∈ P1 is principal, p= rpR for a prime
element rp ∈ R . Denote by {rp | p ∈ P1} a representative set of all prime elements of R . Then each
non-zero non-invertible element r ∈ R is uniquely of the form r = u∏p∈P1 r
np
p where np (p ∈ P1) are
natural numbers, almost all of them zero, and u ∈ R is invertible.
In [25], it was observed that if R is a Gorenstein local ring of Krull dimension one, then all non-
projective tilting modules T are injective, and the induced tilting class B = T⊥∞ is the class of all
Gorenstein injective modules. In particular, if R is regular, B = I0. We will now prove a similar result
for n-dimensional regular local rings when n 2.
First, we recall several classic facts in our particular setting (see e.g. [15, §9]):
Lemma 3.1. Let (R,m) be a regular local ring of Krull dimension n 1 and M,N ∈mod-R. Then
(i) depthM = inf {i | ExtiR(R/m,M) 	= 0}.
(ii) proj.dimR M = n − depthM. In particular, proj.dimR M = n, if and only if m ∈ AssR M.
(iii) inj.dimR N = n = depthM + sup {i | ExtiR(M,N) 	= 0}.
Theorem 3.2. Let (R,m) be a regular local ring of Krull dimension n 2. Let T be a tilting module of projective
dimension  n − 1. Let T = T⊥∞ be the induced tilting class. Then T ⊆ In−1 .
Proof. We have to prove that ExtnR(R/p, B) = 0 for all p ∈ Spec(R) and B ∈ T . However, if p 	=m, then
m /∈ AssR R/p, so proj.dimR R/p n − 1 by Lemma 3.1(ii).
It remains to show that ExtnR(R/m, B) = 0 for all B ∈ T . By Lemma 1.13(i), the tilting class T is of
the form T = S⊥∞ for some S ⊆mod-R . Let X = AssR S . We distinguish two cases:
Case I: m ∈ X . Then there is an exact sequence 0 → R/m → S → N → 0 for some S ∈ S . For
each B ∈ B, an application of HomR(−, B) to this sequence yields exactness of 0 = ExtnR(S, B) →
ExtnR(R/m, B) → Extn+1R (N, B) = 0, so we infer that ExtnR(R/m, B) = 0 as desired.
Case II: m /∈ X . By the assumption on T we have S  Pn−2. Consider M ∈ S \ Pn−2. Since m /∈
AssR M , proj.dimR M = n − 1 by Lemma 3.1(ii). So Ext1R(R/m,M) 	= 0 by Lemma 3.1 (i) and (ii), and
there is a non-split short exact sequence 0→ M → N → R/m→ 0. Since the sequence does not split,
m /∈ AssR N , whence proj.dimR N  n − 1.
Let K be a module. Applying the functor HomR(−, K ) to the short exact sequence above, we obtain
exactness of
Extn−1R (M, K ) → ExtnR(R/m, K ) → ExtnR(N, K ).
But the latter Ext is zero because N ∈ Pn−1. It follows that M⊥n−1 ⊆ (R/m)⊥n . So T ⊆ S⊥n−1 ⊆
M⊥n−1 ⊆ (R/m)⊥n . 
There is another case where the injective dimension of a tilting class is always bounded by n − 1,
namely the case of divisible modules:
Lemma 3.3. Let (R,m) be a regular local ring of Krull dimension n 2. Then D ⊆ In−1 , but D  In−2 .
Proof. As above, for the ﬁrst claim, we only have to check that ExtnR(R/m, D) = 0 for each D ∈ D. Let
N = Ωn−1(R/m). Then proj.dimR N = 1, so ExtnR(R/m, D) ∼= Ext1R(N, D) = 0 for each divisible mod-
ule D , because the 1-tilting cotorsion pair induced by δ is (P1,D) by [7, Corollary 8.2].
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mension n, the minimal injective coresolution of R has the form
0 → R → Q →
⊕
p∈P1
E(R/p) → ·· · → E(R/m) → 0,
and D is the ﬁrst cosyzygy of R . So inj.dimR D = n − 1. 
In the two-dimensional case, we infer that all non-trivial tilting classes ﬁt in the setting of Sec-
tion 2:
Corollary 3.4. Let R be a regular local ring of Krull dimension 2, T a non-projective tilting module, and T =
T⊥∞ the induced tilting class.
Then T ⊆ I1 , and T contains no non-zero ﬁnitely generated modules.
Proof. Theorem 3.2 for n = 2 yields T ⊆ I1. The ﬁnal claim follows by Lemma 3.1(iii), as all non-zero
ﬁnitely generated modules have injective dimension 2. 
In particular, Lemma 1.2(ii) holds in a stronger form here: if T is a non-projective tilting module,
then T has no non-zero ﬁnitely generated direct summands.
Theorem 2.3 now applies directly and gives
Theorem 3.5. Let R be a regular local ring of Krull dimension 2. Then all tilting classes T Mod-R are con-
tained in I1 , and they are classiﬁed by the subsets X ⊆ Spec(R) containing the zero ideal.
For each such subset X , a tilting class TX is deﬁned by
TX =
⋂
p∈X
(R/p)⊥ ∩ I1.
Conversely, each tilting class T Mod-R is of the form T = TX for X = Ass⊥R T .
Moreover, ⊥TX coincides with the class of all SX -ﬁltered modules, where SX = {N ∈ Mod-R | N ⊆
R/p for some p ∈ X}.
4. The global case
The tools needed for a transfer from the local to the global case are collected in the following
lemma. For a class T ⊆ Mod-R and a multiplicative subset S of a commutative ring R , we denote by
S−1T the class {N ∈Mod-S−1R | N ∼= S−1M for some M ∈ T }; for p ∈ Spec(R) and S = R \ p, we will
also use the notation Tp = S−1T .
Lemma 4.1. Let R be a commutative noetherian ring, n > 0, and T be an n-tilting module inducing the tilting
class T = T⊥∞ and the cotorsion pair (A,T ). Let S ⊆mod-R ∩Pn be such that S⊥∞ = T .
(i) Let S be a multiplicative subset of R. Then the localization S−1T is an n-tilting module inducing the tilting
class
(
S−1S)⊥∞ = S−1T = T ∩Mod-S−1R
(where ⊥∞ is considered in Mod-S−1R).
(ii) Let M ∈ Mod-R. Then M ∈ T , if and only if Mm ∈ Tm for all m ∈mSpec(R).
(iii) Let m ∈ mSpec(R). Let Cm denote the class of all direct summands of the elements of (A ∩ mod-R)m .
Then Cm = ⊥Tm ∩mod-Rm (where ⊥ is considered in Mod-Rm).
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(iii) First, recall that for each M ∈ Mod-R , F ∈ mod-R , and i > 0, we have
ExtiRm(Fm,Mm)
∼= (ExtiR(F ,M)
)
m
∼= ExtiR(F ,Mm)
by [15, 3.2.6 and 3.2.15]. So Am ⊆ ⊥Tm , and Cm ⊆ (⊥Tm) ∩mod-Rm .
Conversely, (A ∩ mod-R)⊥m = Tm by part (i), so ⊥Tm is the class of all direct summands of
(A ∩ mod-R)m-ﬁltered modules by Lemma 1.12(ii). However, (A ∩ mod-R)m is closed under exten-
sions, so (⊥Tm) ∩mod-Rm ⊆ Cm . 
Since the 1-dimensional case has already been treated in [25], we will consider here the case of
Krull dimension 2. Recalling that for a set X ⊆ Spec(R), V (X) denotes the set of all prime ideals of R
containing at least one element of X , we can now formulate our main result:
Theorem 4.2. Let R be a regular ring of Krull dimension 2.
Then tilting classes in Mod-R are classiﬁed by the pairs (X, Y ) where AssR R ⊆ X ⊆ Spec(R) and
V (X \ AssR R) ∩ P2 ⊆ Y ⊆ P2 .
For each such pair (X, Y ), a tilting class TX,Y is deﬁned by
TX,Y =
⋂
p∈X
(R/p)⊥∞ ∩
⋂
m∈Y
m⊥.
Conversely, each tilting class T in Mod -R is of this form, for X = Ass⊥R T and Y = P2 ∩ ⊥T .
Proof. By assumption, proj.dimR m = proj.dimRm mm = 1 for each m ∈ P2, hence m⊥ = m⊥∞ . So the
ﬁnitely generated modules R/p (p ∈ X ) and m (m ∈ Y ) have projective dimension at most 2, and TX,Y
is a 2-tilting class by Lemma 1.13(i). (Note that this includes the trivial case of X = AssR R and Y = ∅,
when TX,Y =Mod-R since R/p is a projective R-module for p ∈ AssR R = P0.)
Conversely, let T be a tilting class and A = ⊥T . Let X = AssR A and Y = P2 ∩A.
If m ∈ P2 and p ∈ X \ AssR R are such that p ⊆ m, then pm ∈ Ass⊥Rm Tm , so Rm/pm ∈ ⊥Tm , Tm 	=
Mod-Rm , and mm ∈ ⊥Tm by Theorem 3.5, hence m ∈ Y by Lemma 4.1(iii).
We will show that T = TX,Y . By Lemma 4.1(ii), it suﬃces to show that for each m ∈ mSpec(R),
Tm = (TX,Y )m .
First, assume that m ∈ P2 \ Y . Then Tm =Mod-Rm = (TX ,Y )m by Lemma 4.1(i), because m p for
all p ∈ (X ∪ Y ) \ AssR R .
Now assume that either m ∈ P1 ∩ mSpec(R) or m ∈ Y . In the former case, Rm is hereditary, and
in the latter m ∈ A, hence in both cases Tm consists of Rm-modules of injective dimension  1. By
Lemma 4.1(iii) and Corollary 2.4, it suﬃces to show that AssRm(A ∩ mod-R)m = AssRm(⊥T(X,Y ) ∩
mod-R)m . Since there is a bijective correspondence between the sets AssR M ∩ {p ∈ Spec(R) | p ⊆ m}
and AssRm Mm for each module M ∈ Mod-R because R is noetherian, it is enough to prove that
AssR(A ∩ mod-R) = AssR(⊥T(X,Y ) ∩ mod-R). However, AssR(A ∩ mod-R) = AssR A = X by deﬁnition,
while AssR(⊥T(X,Y ) ∩mod-R) = X by Lemma 1.12(iii).
If m ∈ AssR R = P0, then Tm =Mod-Rm = (TX ,Y )m because Rm is a ﬁeld.
Finally, note that the pair (X, Y ) is completely determined by the class A, and hence by T . This
ﬁnishes the classiﬁcation. 
5. Tilting modules in the local case
In this section, we will return to the setting of regular local rings (R,m) of Krull dimension 2 and
compute the representing tilting modules.
Since P1 ⊆ P0, we have m⊥ = (R/m)⊥2 =⊕p∈Spec(R)(R/p)⊥2 = I1.
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has the form
0→ R → Q →
⊕
p∈P1
E(R/p) → E(R/m) → 0
and it is obtained by gluing together the following short exact sequences: 0 → R → Q → Q /R → 0,
and 0 → Q /R →⊕p∈P1 E(R/p) → E(R/m) → 0. Notice that Q /R is a proper divisible, but non-
injective, submodule of
⊕
p∈P1 E(R/p) (see Example 1.9).
We will present the structure of the tilting modules T X inducing the classes TX from Theorem 3.5,
that is, such that T⊥∞X = TX .
Our ﬁrst result concerns the form of the minimal injective coresolution of T X :
Lemma 5.1. Let (R,m) be a regular local ring of Krull dimension 2. Let X be a subset of Spec(R) containing
the zero ideal. Then the minimal injective coresolution of T X has the form
0 → T X →
⊕
p∈X
E(R/p)(αp) →
⊕
p∈Spec(R)\X
E(R/p)(αp) → 0
where αp (p ∈ Spec(R)) are non-zero cardinals.
Proof. By Theorem 3.5, AssR T X = Ass⊥R TX = X , so E(T X ) ∼=
⊕
p∈X E(R/p)(αp) for some non-zero car-
dinals αp (p ∈ X ).
Since T X ∈ I1, it remains to determine the ﬁrst Bass invariants of T X . For p ∈ Spec(R), they are
computed as μ1(p, T X ) = dimk(p)(Ext1R(R/p, T X ))p (cf. [15, 9.2.4]). If p ∈ X then T X ∈ (R/p)⊥ , hence
μ1(p, T X ) = 0. If q ∈ Spec(R) \ X , then Ext1R(R/q, T X ) 	= 0, hence αq = μ1(q, T X ) 	= 0 in case q = m
(because R is local). If htq = 1, then Rq is a DVR, but not a ﬁeld. By Theorem 3.5, T X is SX -ﬁltered,
hence (T X )q is (SX )q-ﬁltered. However, (R/p)q = 0 for all p ∈ X \ {0}, and since all ideals of Rq are
principal, (T X )q is a free Rq-module. By condition (T3) of Deﬁnition 1.1, R embeds into a ﬁnite direct
sum of copies of T X , hence (T X )q 	= 0. So αq = μ1(q, T X ) 	= 0 follows from Ext1Rp(Rp/pp, Rp) 	= 0
since pp = rRp for some r ∈ Rp , and Rp is not r-divisible. 
Next, we will distinguish four cases:
(I) m ∈ X and X 	= {0,m}, (II) m /∈ X and X 	= {0}, (III) X = {0}, and (IV) X = {0,m}.
Each of these cases requires a different approach for construction of the tilting module T X . In the
case (I), T X can be obtained via classical localization at a multiplicative subset of R:
Theorem 5.2. Let (R,m) be a regular local ring of Krull dimension 2. Let X ⊆ Spec(R) be such that {0,m} X.
Denote by S X the submonoid of (R, ·,1) generated by all invertible elements of R and by the set {rp | p ∈
X ∩ P1}. Let LX be the localization of R at S X , and T X =⊕p∈X\{0} E(R/p) ⊕ LX .
Then T X is a good tilting module of projective dimension 2, and (T X )⊥∞ = TX .
Proof. By [26, 5.1.2], ﬂat.dimR E(R/m) = htm= 2, so proj.dimR T X = 2.
In order to verify condition (T2) for the module T X , we consider its minimal injective coresolution.
First, we claim that
0→ LX → Q →
⊕
q∈P1\X
E(R/q) → 0
is the minimal injective coresolution of LX .
Clearly, Q = E(R) = E(LX ). Next, we prove that the module Q /LX is injective. Since Q /LX is
divisible, we only have to verify that Ext1R(R/m, Q /LX ) = 0 (see Lemma 1.8). In other words, we have
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have rp ∈m for some p ∈ X ∩ P1, and m= p+∑i<k ri R for some ri ∈m \p (i < k). Let f (rp) = qp + LX
and f (ri) = qi + LX (i < k). Evaluating f (ri · rp) in two ways, we see that qp · ri − qi · rp ∈ LX . Since LX
is a subring of Q containing 1/rp , also (qp/rp) · ri − qi ∈ LX , for each i < k. This implies that the map
g ∈ HomR(R, Q /LX ) deﬁned by g(1) = qp/rp + LX extends f .
In order to prove our claim, it remains to show that AssR Q /LX = P1 \ X , and that E(R/q) occurs
with multiplicity 1 in the decomposition of Q /LX for each q ∈ P1 \ X . Since R is a UFD and LX
is the localization of R at S X , we have Ann(1/rq + LX ) = rqR = q for each q ∈ P1 \ X . Similarly,
AssR(Q /LX ) ∩ X = ∅.
So Q /LX ∼=⊕q∈P1\X E(R/q)(αq) where αq > 0 for all q ∈ P1 \ X . We will prove that αq = 1 for all
q ∈ P1 \ X , that is, the q-component Cq of Q /LX is uniform. If ui/vi + LX ∈ Cq (i = 1,2) are such that
Ann(ui/vi + LX ) = q, then (ui/vi) · rq = ri/si where ri ∈ R is not divisible by rq and si ∈ S X (i = 1,2).
Then r2 · s1 · (u1/v1 + LX ) = r1 · r2/rq + LX = r1 · s2 · (u2/v2 + LX ) 	= 0. This shows that Cq is a uniform
module, hence Cq ∼= E(R/q).
It follows that the minimal injective coresolution of T X has the form
0→ T X → Q ⊕
⊕
p∈X\{0}
E(R/p) →
⊕
q∈P1\X
E(R/q) → 0.
Since HomR(E(R/p), E(R/q)) = 0 for all p 	= q such that q ∈ P1 and p ∈ P1 ∪ {m}, we have
Ext1R(
⊕
p∈X\{0} E(R/p), T
(κ)
X ) = 0 for any cardinal κ .
Since LX is the localization of R at S X , injective LX -modules are injective as R-modules,
and R- and LX -homomorphisms between LX -modules coincide. In particular, Ext1R(LX , L
(κ)
X ) =
Ext1LX (LX , L
(κ)
X ) = 0 for all cardinals κ . This completes the proof of condition (T2) for T X .
In order to verify condition (T3), we note that there is an exact sequence
0 → R → LX →
⊕
p∈X∩P1
E(R/p) → E(R/m) → 0
obtained by gluing together the short exact sequences 0 → R → LX → LX/R → 0 and 0 → LX/R →⊕
p∈X∩P1 E(R/p) → E(R/m) → 0. Here, the second sequence is obtained as follows: the localization
of the minimal injective coresolution of R at S X yields the minimal injective coresolution of LX , and
gives rise to the following commutative diagram with exact rows and columns
0 Q /R
⊕
p∈P1 E(R/p) E(R/m) 0
0 Q /LX
⊕
p∈P1\X E(R/p) 0
0 0
where the arrows from the ﬁrst row to the second are the localization maps. The exactness of 0 →
LX/R → ⊕p∈X∩P1 E(R/p) → E(R/m) → 0 comes from the Snake lemma applied to the diagram
above.
Let (AX ,BX ) be the tilting cotorsion pair induced by T X . We will show that BX = TX .
Since TX ⊆ I1, we have AX = ⊥ Sum T by Lemma 1.15. In particular, if M is a ﬁnitely generated
module, then M ∈ AX , if and only if Ext1R(M, T X ) = 0. However, HomR(R/p, E(R/q)) = 0 for all 0 	=
p ∈ X and q ∈ P1 \ X , so the minimal injective coresolution of T X constructed in Lemma 5.1 yields
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P1 \ X , gives Ext1R(R/q, LX ) 	= 0.
This proves that AssR AX = X , so BX = TX by Theorem 3.5. 
In the case (II), we employ the Fuchs tilting modules introduced in Section 1:
Theorem 5.3. Let (R,m) be a regular local ring of Krull dimension 2. Let 0 ∈ X ⊆ Spec(R) be such thatm /∈ X
and X 	= {0}.
Denote by S X the submonoid of (R, ·,1) generated by all invertible elements of R and by the set {rp | p ∈ X}.
Let δS X be the Fuchs tilting module corresponding to S X .
Then δS X is a good tilting module of projective dimension 1 inducing the 1-tilting class
TX =
{
M ∈Mod-R ∣∣ Mp= M for all p ∈ X \ {0}}.
Proof. First, since X \ {0} contains only prime ideals of height 1, TX =⋂p∈X (R/p)⊥ equals the class
of all S X -divisible modules. However, by [17] and [19, 5.1.2], δS X is a 1-tilting module inducing the
same class, that is, (δS X )
⊥ = TX . 
There remain the two ’special’ cases, of X = {0} and X = {0,m}. Here, the description of the tilting
module T X is less transparent. In both cases, however, T X can be taken countably generated.
Theorem 5.4. Let (R,m) be a regular local ring of Krull dimension 2. Let X = {0}.
Then there is a short exact sequence 0 → R → T1 → T2 → 0 consisting of countably generated modules
such that T1 ∈m⊥ and T2 is {m}-ﬁltered.
Let T X = T1 ⊕ T2 . Then T X is a countably generated good tilting module of projective dimension 1 such
that T⊥X = TX = I1 .
Proof. Fix a presentation 0→ K → F →m→ 0 with F ﬁnitely generated free.
The construction of the required short exact sequence witnessing condition (T3) for T X proceeds
as in the universal construction of [19, 3.2.1], but with the modiﬁcations from [20, Theorem 2.2] (for
κ = ω and S = {m}) that make it possible to consider only countable chains. So T1 =⋃n<ω Un and
T2 = T1/U0, where (Un | n < ω) is an increasing chain of ﬁnitely generated submodules of T1 such
that U0 = R , Un+1/Un ∼= m(Gn) for each n < ω, and Gn is a ﬁnite generating set of the R-module
HomR(K ,Un).
Since proj.dimR m = 1, also proj.dimR T  1. By the construction, T1 ∈ m⊥ , hence also T2 ∈ m⊥
(= I1).
Also, by the above and by Lemma 1.12(i), T⊥X = T⊥2 ⊇m⊥ , and condition (T2) follows.
Finally, let M ∈ T⊥2 . Let f ∈ HomR(R(λ),M) be an epimorphism and consider the pushout
0 R(λ)
f
T (λ)1 T
(λ)
2 0
0 M X T (λ)2 0
0 0
Since M ∈ T⊥2 , the bottom row splits, showing that M is an epimorphic image of T (λ)1 , hence M ∈m⊥ .
This proves that T⊥X = TX = I1. 
198 D. Pospíšil, J. Trlifaj / Journal of Algebra 336 (2011) 184–199Remark 5.5. The construction of the countably generated tilting module T{0} reveals some new phe-
nomena. First, it does not involve any localization or divisibility. Moreover, by Theorem 3.5, the
1-tilting cotorsion pair induced by T{0} is (A,I1), where A is the class of all torsion-free modules
that are S-ﬁltered, and S is the set of all ideals of R . The class A does not contain all torsion-free
modules, otherwise Q ∈ A, so Q is S-ﬁltered, and there is a torsion-free module R ⊆ N ⊆ Q such
that 0 	= Q /N is torsion-free, but there is also an epimorphism of the torsion module Q /R onto Q /N .
Though the tilting modules T{0} and R are not equivalent, we have AssR A = AssR P0 = {0}. This
contrasts with the case of Gorenstein rings of Krull dimension one (see [25]). Also, T{0} is a torsion-
free tilting module which is not projective. Such tilting modules do not exist over Prüfer domains and
almost perfect domains by [24, Corollary 2.6] and [1, Proposition 4.9(2)], respectively.
Theorem 5.6. Let (R,m) be a regular local ring of Krull dimension 2. Let X = {0,m}.
Then there exist short exact sequences consisting of countably generated modules 0→ R → T1 → T2 → 0
and 0→ T2 → T3 → E(R/m)(ω) → 0, such that T1 ∈ TX is {R/m,m}-ﬁltered, and T3 ∈ (R/m)⊥ .
Let T X = T1 ⊕ T3 ⊕ E(R/m)(ω) . Then T X is a countably generated good 2-tilting module such that T⊥X =
TX = (R/m)⊥∞ = (E(R/m))⊥∞ .
Proof. The ﬁrst short exact sequence is obtained as in the proof of Theorem 5.4, except that the
set S = {m} is replaced by S = {m, R/m}. So T1, T2 are countably generated and {m, R/m}-ﬁltered,
T1 ∈ {m, R/m}⊥ = TX , and also hence T2 ∈m⊥ .
The second sequence is obtained similarly, but using the set S = {R/m} as follows. First, we con-
sider the projective resolution of R/m, 0 → K → F → R/m → 0 with F a ﬁnitely generated free
module.
We will construct T3 as T3 =⋃n<ω U ′n where (U ′n | n < ω) is an increasing chain of submodules
of T3 such that U ′0 = T2, and U ′n+1/U ′n ∼= E(R/m)(κn) where 0 < κn ω for each n < ω.
If U ′n is deﬁned for n > 1, let Cn be a countable generating subset of the R-module HomR(K ,U ′n)
and κn = card Cn . By the universal construction in [19, 3.2.1], there is a module U ⊇ U ′n such that
U/U ′n ∼= (R/m)(κn) and each f ∈ HomR(K ,U ′n) extends to some g ∈ HomR(F ,U ).
Consider the exact sequence 0→ R/m→ E(R/m) → D → 0. Then the module D is {R/m}-ﬁltered,
so Ext2R(D,U
′
n) = 0, because Ext2R(R/m,U ′n) ∼= Ext1R(m,U ′n), and the exact sequence 0 → T2 → U ′n →
E(R/m)(
∑
i<n κi) → 0 with T2 ∈m⊥ yields Ext1R(m,U ′n) = 0.
The exactness of the sequence Ext1R(E(R/m)
(κn),U ′n) → Ext1R((R/m)(κn),U ′n) → Ext2R(D(κn),U ′n) = 0
implies existence of a module U ′n+1 ⊇ U such that U ′n+1/U ′n ∼= E(R/m)(κn) . This ﬁnishes the construc-
tion of T3.
Now, T2 ∈ m⊥ implies T3 ∈ m⊥ . Moreover, T3 ∈ (R/m)⊥ because if f ∈ HomR(K , T3), then
Im f ⊆ U ′n for some n, hence f extends to some g ∈ HomR(F , T3) by construction.
Since ﬂat.dimR E(R/m) = 2 by [26, 5.1.2], T X has projective dimension 2. By construction, T X is
{m, R/m}-ﬁltered and T X ∈ TX . Thus T X ∈ TX ∩ ⊥TX , so condition (T2) holds for T X , and T⊥X = TX =
(R/m)⊥∞ = (E(R/m))⊥∞ .
The two short exact sequences constructed above connect into a long exact sequence witnessing
condition (T3), namely 0→ R → T1 → T3 → (E(R/m))(ω) → 0. 
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